This paper contains a generalization of the Yang-Mills theoretic integrability theorem for almost Kähler manifolds has been proved recently in [9] . The essence of this generalization is that the Kähler property can be dropped and integrability of generic almost complex manifolds can also be studied.
Introduction
In our previous paper [9] we presented a Yang-Mills theoretic integrability theorem for almost Kähler manifolds.
Assume M is a 2m real dimensional connected, oriented, smooth manifold whose tangent bundle T M admits an U(m) structure. We referred to M as an almost Kähler manifold in [9] . Taking into account that U(m) ⊂ SO(2m) we have a Hermitian i.e., a compatible metric g on M. Moreover, since U(m) ⊂ GL(m, C) we also have an almost complex structure J on M with an induced (but possibly different) orientation. Suppose furthermore that a compatible connection i.e., a U(m) connection ∇ is also given on T M. Then the pair (M, ∇) is equivalent to the quadruple (M, J, g, ∇) where J and g are parallel i.e., ∇J = 0 and ∇g = 0 on M and J is orthogonal with respect to g. The usual assumption which makes M obviously a Kähler manifold in this setup is the integrability condition that ∇ be torsion free.
One may impose another integrability condition on the connection: assume its complexified curvature is of (1, 1 x M ⊂ Λ 2 x M ⊗C. Therefore, regarding the complexified curvature as being in Γ((Λ 2 M ⊗ C) ⊗ (Λ 2 M ⊗ C)) the compatibility condition implies F C ∈ Γ((Λ 2 M ⊗ C) ⊗ Λ 1,1 M). Consequently our integrability condition is that F C ∈ Γ(Λ 1,1 M ⊗ Λ 1,1 M). It was proven in [9] that in this case M admits a Kähler structure. Conversely, it is well-known that the curvature operator of a Kähler metric satisfies this condition (cf. p. 73 of [3] ). Therefore we can say that if (M, ∇) = (M, J, g, ∇) is an almost Kähler manifold with a compatible connection then J is integrable, that is M can be given the structure of an m complex dimensional Kähler manifold with a Kähler metric g and unique associated Levi-Civita connection ∇ if and only if for the curvature of the connection F C ∈ Γ(Λ 1,1 M ⊗ Λ 1,1 M) holds. There is a straightforward application of this theorem. If (M, ∇) is an 2m real dimensional smooth almost Kähler manifold with a compatible flat connection ∇ then its identically vanishing curvature is clearly of (1, 1)-type hence M can be given the structure of a flat complex m dimensional Kähler manifold. In this way we can see again the well-known facts that R 2m , even dimensional tori, etc. admit (flat) Kähler structures.
A less trivial observation is as follows. Assume (M, g) is an oriented Riemannian four-manifold such that its tangent bundle T M possesses a self-dual U(2) connection ∇ and the orientation induced by the almost complex structure on T M is opposite to the orientation of M. Then the complexified curvature of ∇ will be of type (1, 1) (cf. Lemma 3.2 below) hence the almost complex structure is integrable by our integrability theorem. Therefore we can see that Pick up for instance a K3 surface with a Calabi-Yau metric on it regarded as a real oriented Riemannian four-manifold. Since this metric has SU(2) holonomy, this space is an almost Kähler manifold (with opposite induced complex orientation). Moreover Ricci flatness implies that the Levi-Civita connection is self-dual. Therefore K3 is a Kähler surface as we know already well. So far we have seen quite straightforward applications. The aim of this paper is to find more exciting applications of integrability theorems of this kind.
The paper is organized as follows. We formulate a modest generalization of the integrability theorem 2.2 of [9] in Sect. 2. The essence of this is that the artificial Kähler condition can be dropped and integrability of generic almost complex manifolds also can be studied.
Then Sect. 3 contains the first application. We reprove the important result that the natural almost complex structure on the twistor space of a half conformally flat (or self-dual) Riemannian four-manifold is integrable i.e., the twistor space is a complex three-manifold. This theorem was first proven by Penrose in 1976 [13] then by Atiyah, Hitchin and Singer in 1978 by different means [2] . Alternative proofs can also be found in [3] and [14] .
These considerations serve as a warming-up to Sect. 4 where we apply the generalized integrability theorem to the old problem concerning S 6 namely whether or not it admits a complex structure. Borel and Serre proved in 1951 that S 2 and S 6 are the only spheres admitting almost complex structures [4] . For S 2 the natural almost complex structure is integrable because it is induced by regarding S 2 as the Riemann sphere CP 1 . In case of the six-sphere using octonions (or Cayley numbers) one can construct a similar almost complex structure which turns out to be non-integrable because having non-vanishing Nijenhuis-tensor (cf. e.g. [14] pp.153-154). Approaching the problem of the existence of integrable almost complex structures on S 6 requires a somehow unusual treatment because S 6 is too simple topologically: it lacks nontrivial homology groups hence if it is a complex manifold it cannot be either algebraic or Kähler. Moreover not only holomorphic but even all meromorphic functions are constant along a complex manifold diffeomorphic to S 6 [6] . Nevertheless in the course of the past decades several proofs or claims appeared that S 6 does not admit integrable almost complex structures at all (e.g. [10] Vol II, p. 424). Probably the most relevant of these is the recent proof by Chern [7] . Although Chern's paper is not available in the moment, there are some applications of Chern's ideas even in theoretical physics [12] . However according to the author's present understanding of the situation, Chern's solution has not been accepted generally yet.
Therefore, as a challenge, we tried to apply the generalized integrability theorem for this situation. The key observation is that S 6 has something akin to CP 3 , the twistor space of S 4 , namely it also admits a fibration over S 4 which is singular, however. Motivated by the twistor construction and using this singular fibration one can construct almost complex structures on S 6 (these might be all equivalent) together with compatible local SU(3) connections. Using instantons on S 4 one can adjust these compatible local connections to be of (1,1)-type (cf. Lemma 3.3). Therefore it turns out that the generalized integrability theorem enables us to conclude that there exists at least one integrable almost complex structure on the six-sphere on the contrary to the presuppositions.
A generalized integrability theorem
Constructing complex structure on a real smooth almost complex manifold is essentially a local problem: one has to find local holomorphic coordinates around each point. Therefore its existence must depend on local analytical properties of the almost complex structure only. However the integrability theorem of [9] contains a superfluous global assumption: the U(m) connection is globally defined. Relaxing this condition one can expect that a more effective integrability theorem exists of this kind.
Let M be a connected, oriented, smooth manifold of real dimension 2m with a GL(m, C) structure on its tangent bundle. That is, M is an almost complex manifold with an induced operator J and induced orientation only (which might be different from the orientation of M). Suppose that for each point x ∈ M there is a neighbourhood x ∈ U ⊂ M such that on T U, the restricted tangent bundle, one can define a local compatible connection ∇ U such that the structure group G U of it is a Lie subgroup of U(m) ⊂ GL(m, C). 
can be endowed with the structure of an m dimensional complex manifold with induced almost complex structure J.
Proof: We can apply Theorem 2.2 of [9] for the local almost complex manifold (U, J| U ) with local compatible G U ⊆ U(m) connection ∇ U to prove the existence of local holomorphic charts on M. That is, one can find holomorphic mappings ϕ U : (U, J| U ) → C m . This means that regarding ϕ U : U → R 2m as a smooth map, its derivative Dϕ U : T U → T R 2m is complex linear i.e., Dϕ U • (J| U ) = J 0 • Dϕ U where J| U is the almost complex structure on U ⊂ M and J 0 is the standard complex structure on R 2m ∼ = C m . If two holomorphic charts, U, V are given such that U ∩ V = ∅ then this implies that the composite map ϕ U • ϕ −1 V : C m → C m will be holomorphic, too. Therefore we can construct a holomorphic atlas for M which means that it is a complex manifold. 3
Remark. In general a local compatible G U ⊆ U(m) connection does not extend globally over M by various reasons; however if it does then from Theorem 2.1 we recover Theorem 2.2 of [9] again.
An application to twistor theory
Seeking interesting applications, now we shall reproduce a theorem of Penrose [13] and AtiyahHitchin-Singer [2] , namely give a short and straightforward verification that the twistor space of a half conformally flat four-manifold is a complex three-manifold. In general the proof of this theorem is traced back to the Newlander-Nirenberg theorem and is rather complicated an indirect (cf. furthermore Th. 13.46 in [3] , Chapter 5 in [14] ). Our proof is a combination of the proofs in [2] and [3] (Chapter 13.D) however essentially based on our generalized integrability theorem of the previous section making the whole approach more straightforward.
We begin with preliminaries. Let (M, g) be a four dimensional connected, oriented, smooth Riemannian manifold. Denote by Λ + M the bundle of self-dual while by Λ − M the bundle of anti-self-dual 2-forms over (M, g) (with respect to the orientation of M). Consider
i.e., the bundle of (anti-)self-dual 2-forms of unit length; this is a smooth two-sphere bundle π ± : S(Λ ± M) → M whose total space will be denoted by Z ± and will be called the (self-dual and anti-self-dual, respectively) twistor space of (M, g). It is a real six dimensional smooth manifold and enumerates the local almost complex structures on the tangent spaces of M as follows.
gives rise to an orthogonal complex structure on Λ Proof. Let x ∈ U ⊂ M be a neighbourhood and (ξ 0 , ξ 1 , ξ 2 , ξ 3 ) be an oriented orthonormal frame over Λ 1 U. Then an orthonormal frame on Λ ± U looks like
Consider first the case ω + ∈ Γ(Z + | U ). Then we can suppose without loss of generality that
It follows easily that
and it is orthogonal with respect to the induced metric on Λ 1 U. Taking complexifications we obtain J C ω + : Λ 1 U ⊗ C → Λ 1 U ⊗ C with eigenvalues ±i and corresponding complex eigenbundles Λ 1,0 U and Λ 0,1 U respectively. This yields the fiberwise complex linear isomorphism (
Consequently there is a complex frame
and agrees with the orientation of M. Therefore this is true for all ω + . In the same fashion, if
showing again that J ω − is an orthogonal complex structure. By defining the complex 1-forms as
we obtain a complex frame on (
for the given ω − . The orientation induced by this complex structure is (ξ
hence it is opposite to the orientation of M. Therefore this is true for all ω − . 3
On the other hand, the complex structures compatible with the orientation and scalar product on R 4 are classified by SO(4)/U(2) ∼ = S 2 consequently the twistor space Z + gives rise to all complex structures on the cotangent space Λ 1 x M with these properties. Likewise, Z − provides all complex structures on Λ 1 x M which are orthogonal but the induced orientation is opposite to the original one.
Furthermore we remark that strictly speaking the almost complex operator acts on the tangent bundle: J ω ± : T U → T U. Therefore the operator of Lemma 3.1 should be rather denoted as J * ω ± . If we use this notation for a moment then J *
for a vector field X. But taking into account that T U ∼ = T * U = Λ 1 U via the metric, the distinction is unnecessary. In the remaining part of this section by abuse of notation we continue to denote the dual operator J * ω ± as J ω ± in accordance with the notation of Lemma 3.1.
Let Ω 2 C (M) be the vector space of complex valued smooth 2-forms over M. By the metric and orientation of M we have the self
Since the twistor spaces Z ± endow the cotangent spaces Λ 
while for the anti-self-dual space one finds
If the complex structure is given by Z − and is locally represented by the complex 1-forms
while for the self-dual space one finds
Here Λ
is the space which is orthogonal in Λ
and by the previous lemma we quickly calculate
Therefore taking into account (1) we get the desired result. 3
Now we turn our attention toward the chiral spinor bundles Σ ± over (M, g). These are rank two complex vector bundles and exist at least locally over M (if M is not spin). Remember that Spin(4) ∼ = SU(2) + × SU(2) − and the bundles Σ ± belong to the standard two dimensional representations of SU (2) ± . Regarding the complexified bundles Λ ± M ⊗C as SO(4) vector bundles one finds consequently that Λ ± M ⊗ C ∼ = S 2 Σ ± where S k Σ ± denotes the kth symmetric power of Σ ± . Since Σ ± are SU(2) ± bundles we also have natural identifications Σ ± ∼ = (Σ ± ) * ∼ = Σ ± . Up to this point the story of the two twistor spaces run verbatim parallel. However observe that an asymmetry is already present in our construction namely taking into account orientations, the self-dual complex structures provide compatible while the anti-self-dual ones yield non-compatible complex structures on the oriented tangent spaces (cf. Lemma 3.1). This explains the asymmetry in the following Lemma 3.3 Let U ⊂ M be a neighbourhood and consider Λ 1 U with the induced orientation from the complex structure (Λ 1 U , J ω ± ). Then a fiberwise complex linear local isomorphism
induces canonical fiberwise complex linear local isomorphisms 
Regarding the cotangent bundle as complex vector bundles (
Using the orientation of M this gives ϕ ∈ Γ(Λ ∓ U). In case of J ω + , since the complex orientation is the same as the one of M, we have ϕ ∈ Γ(Λ − U) indeed. However in case of J ω − the complex orientation differs and the self-dual and anti-self-dual forms interchange with respect to the complex orientation consequently we again have ϕ ∈ Γ(Λ − U). Henceforth the identification (Λ 1 U, J ω ± ) ∼ = Σ − | U identifies Λ − U with the traceless skew Hermitian endomorphisms of Σ − | U while its complexification Λ − U ⊗ C provide all complex linear traceless endomorphisms End 0 (Σ − | U ) of the negative chiral spinor bundle. This is in accordance with the following decomposition (cf. p. 429 in [2] ). The Clifford algebra C 4 ⊗ C ∼ = C(4) provides the complex endomorphisms of the total spin space Σ
As a complex vector space the Clifford algebra is isomorphic to
This decomposition is compatible with the SO(4) action on the Clifford algebra. The components Λ ± U ⊗ C give rise to End 0 (Σ ± | U ) and the real forms Λ ± U ⊂ Λ ± U ⊗ C correspond to the traceless skew Hermitian endomorphisms.
Since Σ ± ∼ = (Σ ± ) * we can also write End 0 (Σ ± | U ) ∼ = S 2 Σ ± | U . Both Λ ± M and S 2 Σ ± are well-defined over a generic four-manifold subsequently we always have the global isomorphism
Remark. Notice that the first part of this lemma is essentially local: first, if M is not spin then Σ ± are not well defined while Λ 1 M is. However, even if M is a spin manifold hence Σ ± exist globally, they are complex SU(2) ± bundles while Λ 1 M is an real SO(4) bundle therefore we cannot expect that this isomorphism can be globalized. Now we are in a position to reprove the fundamental theorem of twistor theory. One can construct a natural almost complex structure on Z ± as follows (cf. [3] , Chapter 13.D). By the aid of the Levi-Civita connection on (M, g) there is a splitting
of the tangent bundle into horizontal and vertical sub-bundles respectively. If z ∈ Z ± then locally we can write z = (x, ω ± x ) as we have seen. Then
Put the standard complex structure onto the fibre F x ∼ = S 2 ∼ = CP 1 (the Riemann sphere) with induced standard almost complex structure I on T F x . In the vertical tangent space T ω . Since (π ± ) * T x M is the horizontal tangent space at ω ± x , we define the complex structure on it to be simply J ω
* T x M taking into account Lemma 3.1. This gives rise to the almost complex structure J
on T z Z yielding an almost complex manifold (Z ± , J ± ). Fix a neighbourhood U ⊂ M. Now we are going to construct a local connection ∇
on (π ± ) −1 (U) ⊂ Z ± compatible with the almost complex structure. Again first consider the standard Levi-Civita connection ∇ on the holomorphic tangent bundle T F x where we regard F x as the round two-sphere. Secondly, by Lemma 3.3 we can locally identify (π ± ) * T U ∼ = (T U, J ω ± ) with the spin bundle (π ± ) * (Σ − | U ). The local negative chiral spin bundle Σ − | U admits a spin connection ∇ − | U with curvature F − | U by lifting and splitting the original Levi-Civita connection of g. Therefore we can consider the pulled back spin connection (π ± )
We emphasize again that in general this local connection cannot be extended over the whole Z ± as an SU (2) − × U(1) connection. The curvature of this local connection looks like
Concerning the question of integrability of (Z ± , J ± ) it is clear if we complexify F (π ± ) −1 (U ) then on dimensional grounds the vertical F C component will be of type (1, 1) along the fibers' tangent bundles T F consequently we have to focus our attention to the F C − | U spin component. Consider first the case of (Z − , J − ). Referring to (2) in Lemma 3.2 and using Lemma 3.3 as well as the Clebsch-Gordan formula for SU (2) − (cf. Prop. 5.5 in [5] ) one finds for the (2, 0) component of the spin curvature that
(see also [2] ). We obtain the same conclusion for the F 0,2 − | U component. However the curvature of the spin connection ∇ − comes from the curvature of the Levi-Civita connection living on the oriented four dimensional Riemannian manifold (M, g). Taking into account the decomposition of the curvature tensor of (M, g) into its irreducible components (cf. e.g. [2] or p. 374 in [3] ) it is clear that only Γ(S 4 Σ − ) contains curvature component namely the half Weyl tensor W − . Therefore Remark. The curvature condition W − = 0 (and W + = 0) is conformally invariant. This is in accordance with the fact that the almost complex structure of Z − (and of Z + ) is also conformally invariant. To see this, we have to check the behaviour of the operator J ω ± under a conformal change g → f 2 g of the metric where f is a positive smooth function on M. The condition * ω ± = ±ω ± is conformally invariant and if |ω ± | g = 1 then |f 2 ω ± | f 2 g = 1. But * f 2 g = f −2 * g on 3-forms over a four-manifold therefore J ω ± , as defined in Lemma 3.1, indeed remains unchanged.
The six dimensional sphere
As it is well-known, the complex projective space CP 3 is a compact complex three-manifold and arises as the twistor space Z − of the round four-sphere S 4 (cf. e.g. Sec. 5.12 of [14] ). The twistor fibration can be constructed as follows.
Consider the space of quaternions H and let {1, i, j, k} be the standard oriented real basis on H ∼ = R 4 . We can put a complex structure onto the space of quaternions as follows: if q ∈ H then write it as q = z + jw where z, w ∈ C. Therefore the mapping q → (z, w) yields the identification H ∼ = C 2 such that the complex structure has opposite induced orientation. In general, if J is the operator of any complex structure on H whose induced orientation is opposite to the standard one then Jq = qu where u is an imaginary quaternion of unit length. Define the quaternionic projective line HP 1 , the space of quaternionic lines in H 2 , as H 2 \ {0}/H * . The right action of H * on H 2 obeys the complex structures on the quaternionic lines constructed above. Therefore if we use H ∼ = C 2 to identify H 2 with C 4 then a quaternionic line in H 2 can be regarded as a copy of C 2 in C 4 and consists of complex lines parametrized by CP 1 (in accordance with the above observation that complex structures on H are parametrized by imaginary unit length quaternions). If we construct now CP 3 as C 4 \ {0}/C * then we get the basic fibration
with CP 1 's as fibers. Taking into account that HP 1 ∼ = S 4 and CP 1 ∼ = S 2 in fact we have an S 2 fibration of CP 3 over S 4 . In this real picture CP 3 with its complex structure appears as the total space of all orthogonal complex structures on the round S 4 with opposite induced orientation therefore CP 3 can be identified with the twistor space Z − of the round S 4 (which is a self-dual manifold).
We would like to mimic this fibration in the case of the six dimensional sphere S 6 . Consider the space of octonions (or Cayley numbers) O. We can put a quaternionic structure onto O as follows. If {1, i, j, k, E, I, J, K} is the standard oriented real basis for O ∼ = R 8 then we can write s = q + Ep where q, p are quaternions. Therefore the mapping s → (q, p) yields O ∼ = H 2 and the quaternionic structure has opposite induced orientation. There is a standard multiplicative norm on O defined as |s| 2 := |q| 2 + |p| 2 . An octonion s is called imaginary if it is of the form s = q + Ep where q is an imaginary quaternion. The space of imaginary octonions Im O is isomorphic to R 7 as a vector space.
We regard the six-sphere as
that is S 6 is the space of imaginary unit octonions. As we already have seen, the space of quaternionic lines in H 2 \ {0} is HP 1 ∼ = H ∪ {∞}. Each line l m is a copy of H and can be written as q + E(qm) if m = ∞ and Eq if m = ∞ with q ∈ H and m ∈ HP 1 . We have to examine the intersections of these lines with the sphere S 6 ⊂ Im O. Generically the intersection l m ∩ Im O in O is of dimension 4 + 7 − 8 = 3 consequently its intersection with S 6 is an S 2 . However if l m is fully contained within Im O, which happens if and only if m = ∞, then the intersection is an exceptional S 3 . In summary we can write
In other words we obtain a singular fibration of S 6 over HP 1 ∼ = S 4 with generic fibers F m ∼ = S 2 if m = ∞ and one exceptional fiber F ∞ ∼ = S 3 over the north pole m = ∞ of HP 1 :
This singular fibration is the nearest analogue of the smooth fibration (4). It is not difficult to get a feeling of the exceptional fiber F ∞ ⊂ S 6 ; for this aim we have to study its neighbourhood within S 6 . Fix a real number r > 0 and consider quaternions with |m| = r. Clearly these quaternions form an S is smooth. We remark that these observations can be used to perform a surgery on CP 3 to get S 6 . Consider the smooth fibration (4) and cut off a ball B 4 ⊂ S 4 around the north pole {∞} ∈ S 4 from the base space. The space we remove this way from CP 3 is B 4 × S 2 whose boundary is
as well therefore we can glue it back. The resulting manifold will be S 6 . Schematically:
Unfortunately the standard complex structure of CP 3 does not survive this surgery. Nevertheless, experienced with the twistor construction of the previous section, we can endow S 6 with almost complex structures which turn out to be integrable. We remark at this moment that the existence of a complex structure on S 6 is related with exotic complex structures on the underlying space of CP 3 , cf. [11] . First we have to understand how to construct SO(6) bundles over the oriented six-sphere. Let G be a Lie group with a fixed n dimensional real or complex representation and denote by Vect n (X, G) the isomorphism classes of rank n real or complex G vector bundles over a topological space X. It is known that for spheres Vect n (S k , G) ∼ = π k−1 (G). Consequently if SO(6) acts on R 6 in the standard way, bundles over the oriented S 6 are classified by the group π 5 (SO(6)) ∼ = Z. Topologically this means that we cut up S 6 along its equator into two copies of balls: S 6 = B 6 ∪ B 6 and glue together two trivial vector bundles over these balls by a mapping from S 5 into SO(6). In particular we can regard T S 6 as an SO (6) bundle.
However the inclusion SU(3) ⊂ SO(6) induces an isomorphism π 5 (SU(3)) ∼ = π 5 (SO(6)) taking into account the isomorphisms Spin(6) ∼ = SU(4) and π 5 (SU(4)) ∼ = π 5 (SU(3)). Therefore any SO(6) bundle over S 6 cuts down to an SU(3) bundle. Hence it follows that our bundles in fact are classified by the group π 5 (SU(3)) ∼ = Z.
In case of T S 6 we find this way an Hermitian metric and an almost complex structure on S
6
with an induced orientation (this orientation might be however non-compatible with the original orientation of S 6 ). Let us now try to construct SU(3) vector bundles by using the above unnatural decomposition
) and see what happens. Consider the standard representation of SU(3) on C 3 and take two associated SU(3) vector bundles, one over B 4 × S 2 , the other one over B 3 × S 3 . Obviously, these are trivial bundles because π 1 (SU(3)) = 0 and π 2 (SU(3)) = 0. We can glue them together along the boundary of the decomposition by a map f : S 3 × S 2 → SU(3). Consequently the apparently inequivalent glueings are classified by the homotopy classes
(This isomorphism arises for example by the aid of a part of the Puppe exact sequence
and observing that the second and fourth terms are both isomorphic to Z.) Therefore constructing bundles this way we overcount them by a factor of Z, related with the existence of the exceptional fiber F ∞ ∼ = S 3 . To see this precisely, we formulate the following two lemmas based on the standard collapsing and glueing (or clutching) construction of vector bundles (cf. eg. [1] , Chapter I).
) be an arbitrary vector bundle and F ∞ ⊂ S 6 be the exceptional fiber of the singular fibration (6) . There exist inequivalent trivializations α i :
The projection in (6) Proof. Since F ∞ ⊂ S 6 is closed, we can form the factor space S 6 /F ∞ . Let E ∈ [E] ∈ Vect 3 (S 6 , SU(3)) ∼ = π 5 (SU(3)) ∼ = Z be a fixed vector bundle. Taking into account that F ∞ ∼ = S 3 and π 2 (SU(3)) ∼ = 0 there is a trivialization α i : E| F∞ → F ∞ × C 3 . Two such trivializations differ by an automorphism of F ∞ × C 3 i.e., by a map F ∞ → SU(3). Consequently the inequivalent curvature of ∇ k | U 0 is of (1, 1)-type with respect to J ω − by self-duality showing the curvature of the restricted connection (∇ k ⊕ ∇)| U 0 , namely (F k ⊕ F )| U 0 , is also of (1, 1)-type on U 0 if we complexify it. The same is true for the other curvature (F k ⊕ F )| U∞ .
Consider the pulled back connection π * (∇ k ⊕ ∇). This is a smooth SU(2) × U(1) connection over the trivial bundle π * (V k ⊕ Θ) whose curvature is of (1,1)-type with respect to (8) . As in (3) consider the restricted connections Construct now T S 6 out of π * (V k ⊕ Θ) using (7) . We claim that these restricted connections continue to be local compatible SU(3) connections of (1,1)-type curvature on the local tangent bundles T π −1 (U 0 ) and T π −1 (U ∞ ) in the sense of Theorem 2.1. Indeed, first observe that in the construction of the tangent bundle the glueing map A i 0 in ψ is an SU(3) valued gauge transformation along π −1 (U ∞ ), consequently it does not affect the curvature type of the restricted connections hence the curvatures of these remain of (1,1)-type on the local tangent bundles. Moreover the compatibility equation
where ∇ ′π −1 (U∞) is the corresponding gauge transformed local connection and (π * ((J k ⊕I)| U∞ )) ′ is given as in (9) . In addition we have the other compatibility equation ∇ π −1 (U 0 ) π * ((J k ⊕ I)| U 0 ) = 0. The time has come to refer again to the integrability theorem 2.1 to conclude that Theorem 4.1 There exist integrable almost complex structures on the six dimensional sphere for all k ≥ 0 given by (8) . Therefore S 6 admits the structure of a three dimensional complex manifold. 3
Remark. We conjecture that these integrable almost complex structures provide the same complex structure on S 6 but we cannot prove this. For clarity we also mention that since the structure group of T S 6 cuts down to SU(3), we can find Hermitian metrics on S 6 . However these metrics cannot be Kähler because their LeviCivita connections does not provide (1,1)-type curvatures (actually we have used different local connections to prove the integrability).
